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Lecture 6 : Construction of the density functional &

Results for homogeneous guids (Vext (*) = 0)
Partition function ->

Virial expansions "Three

for interacting > routes to

particles - Determination of girl thermodynamic.
using approximative closureCe.g ., RPA , MSA , Py ,-
via the Ornstein-Zernike relation

.

02 : h(rl = crf) + p(d=" <(In-Fl)h(r) . (h(r = g() -1) .

h(r) quantifies pure correlations , whereas glr) is more related
to counting particles around center particle .

What happens when Next (i) + 0 ?

*theinge

-> z

Vextiv) = es for zo
=

o for z30
We need the language of density functional theory (DFT) .( known for quantum systems , but alsoFramework for. used for classical systems !

)

Thermodynamic properties Correlation functions .

↓ t
Phase behaviour Microscopic structure.

↳ Y
Experiment

Key idea : There
is

auniquefunctional Foftheonea-

Vext(r) -



②
I . e . Single form of [p] valid for e .g ., · fluids in gravitational field.

·Confined faids in pores -
a Adsorbed fluids on walls

i

Advantages : · Via functional differentiation easier to obtain
exact results that follow from the partition function.

· For given CIN) easy to devise approximations for
all types of inhomogeneitiess

Disadvantages : · Different types of fluits require different

approximate functionals. (Contrast to quantum DFT
that only involves theCoulomb potential . ).

· Skill and intuition

of systematic approacrequired
to construct #Ip] .

Not aoo

· Often approximatefunctionals om it fluctuation effects -

Gaveat : Etp] does t define amodel fluid. One should always
-

keep the underlying microscopic Hamiltonian in mind.
(Unless the functional is known exactly , e. g.
one-dimensional hand-rod fluids) .

Construction of the density functional .

Grand-canonical ensemble : n(r) =M-Vent() Cintrinsic
chemical

potential)
We can view oh :=[u] ;

e-petul(B)
-Sarultri] = E

, [u].



③
Note that pl) = (p(r)) =

- Ou (functional derivative (

Mathematical intermezzo : Functionals (pragmatic view
ICEIR

Function : e .g. f :R-R given by xHf(x) . f(E.
Functional : F
:
X-R

. given by fNFIf] feX
function space. FIf] -IR .

Functional depends on a function f(x) a < x >b.

It can de regarded ascontinuous version of a function of several
variables

,
i
.
e. Fly, yu ........,gx) with yp = f(x , ) etc.

Exampless
y, y ..... yx) = any -> F(y) =Jaxa(x)f(x)

(ii)
6) y ,, yz , .. - ,yn)= Thijyiyj + G(y) = f(x)dx'h(x ,x)f(x)f(x)

->ifmentiation
: Take flij) with f function of N varasa

The total differential : df dyi -Aildy
If can be interpreted as :

df = f(y +dy) - f(q)
Similarly , for functional Ftu] :

5F[n] = Flu+ in] - Ntuj= SdAtuic] Ju(x).
- functional derivative .

=:Saxtu] July



⑭
Note integration boundaries appropriate to particular problem.
Let o be atest function . Then we can also define the functional
derivative as

inFluted
-

We can by above construction also define higher order functional
derivatives : We find :

= etc. (compar
Functional Taylor expansion.

Suppose we expand around a given function no(x) :

FTul = Fluo +/Exlu-u
+=/dx(dx[(x-no(x][u(x) - vox%..
-

just functions of X and X...

&hain rule : F functional of u , depends solely on w ,
which is

also functional of u.

=Jax (End of intermezzo) .
So we ended with[n] · We can make a functional Legendre
transform :

Etp) = r[n]-Jdrul = Ch[n] + JdpCrSEM-Vext()]
Note Vext(r) + o = g)= bulk result

.



Note alternatively: Tri=N !Sit
* (
... ) ; fx=Puy

<...) = Tratful---1]
Flp] = <Kn +E + RoTenfn] =Tra [fi/kn +En +hpThfu)]

hine ↑
potential
(without external potential) . (See $3 . 1) .

DFT : Focus on functionals of pfi) rather than whit

Noobvious result : GivenE , fixed M
.

T = 7 ! Next (rt) thatgives
rise to specific p(i).

fx is a functional of Vext()- g() .
=> Any quantity for given IN ,M I

T fully determined by fix
isnecessarily a functional of plr) . Thereisnofunctiona

=> Flp] is a unique functional of plr) and has thesame
form for every external potential

Let us formalize the above
hemma : Let f be a phase space probabilityfunction withTraf = 1.
-

Let RIf] =TrcI[f (HN-MN + RyT Inf] . Then es[J] 2, RIfin]

↓

of : Recall that fx=
N
=[fv] = -koTh =i.

&ote furthermore : HN-UN = -kyTIn[fn]
So we find :

entf] = Trc4f[-EBT er(uE) + kyTenf]S
- kit Tra [fef-fluf-flE]

.

↳TTrferf-flnfr)-kTef
= /

= kTTra(fluf-flnf) +R[fn].
Recall :

=> 2[f]-r[fn] = RTTrafit) Traf-Traf ⑮



=> r[f)-r5fn] = RoTTre[fi(tent]
Note that 8 , GN30 (probability densities)

Using that xlnx[x -1·= RIf]2[fi]
O

I
-

-..
-I x

I

Theorem1 For given EN ,
T
,M ,

the quantity Ftp] is a unique
functional of the equilibrium density p(r) .

Roof Assume there is an external podential Vext(r) # Vext (i)
that

gives rise to
the same p() . Define UNI Next (vi)

and U=Venti
Define Hamiltonians : HN = kn+ +V ; H = kn +En +Wi
with frfi given by

:A s
Then :

R : = R [fr] =Tra[fi (Hi-uN +RTenfril]
Hi =HN

Remmara[f(H-uN +RotInfn)] +Uni-V

= Tra [fi (Hx-MN + kyThfx +Vx' - VN)] (A)

=[fi] + TraLfN(Vn -VN)] = 2 +Sdrp(i) [Vext(r)-Vextli]



⑰
Here

,
reused : Tra (fi Y ) =SdrVext(Trc [p()fn]

= (dp(r)Vext()

Similarly , 2C2' +Sdrp() [VextIn) - Vexi ()]
·

(**)

(x(+ (m) =
2+2 S2' +2 - ( = Vext ( ) = Vexi (i) ·

In other words
, 7 ! Vext() that determines pit) ,

which fixes IN
Furthermore:

#[p) =2 [n] +(drp(r) [M - Vext (i)]

= Tre [fn)-MN + kThfn)] +Tra[fn(uN = fxV)] .
= Trc[fn (HN-uN +MN-Unthatenfi)].

4 kn + En + VN

=Tra [f (k +E +Thfi)] . This depends only on fix.
and hena depends
only on g(: ). D

Theorem 2 Consider the functional
-

Rut] = FIG]-(drulig()
↑ (i) somedensity profile
(not necessarily equilibrium
one).

Then :
&~ [p] =2

(When=) = ple) the eg. density profile ,
then he reduces to2
& is minimum of2v]



⑨
&roof : WhenG=p then :

&v[p] = Flp]-Saullp() = Try[fi(Hn-V +EBTenfin-uN +Vul)
=RIfu] =2 . (i)

Assume now Jp'tr) for a given Vext(r) and Hi different from
p (r) . Associated probability density is f'[pi)] with Traf = 1 .
Here

,
we assumed that IVexfir) that would give rise to the eg. density

profile pl(r) in order that flexists . Then the existence ofFEP1] is
guaranteed.
-

=>If'] = Try [f1 (Hi-MN + EpTenf1)] = FEp] -Snip')
=: Ru(p) . (ii)

From the Lemma : r[f']RIIN]· REP]RIp] i.
Intrinsic Helmholtz free energy functional

We find for the Helmholtz free energy :

F(N
,
V
,T)= 2(u , VT) +ufdrp() = Flp] +Sdrp(r) Vext In) .

=Flp) contribution to F(N ,YT) that does not explicitly
depend on the external potentialI

From theorem 2 : M = Vext)+PS Constancy a
chemical potential) .

IP can be viewed as an intrinsica
chemical potential. (In general not a local function of

p()) -
Exception : En =0 Lideal gas):Fid[p] = (dipl)Gentpe]- 19.
Fid[p] is of the local form ! Fin[e] =/difid(plis).



⑪

Glassical density functional the orgy recap.
fi : grand-comonical phase-space.F[P] = (kn +E +RTInful) probability density-

Fip] is a unique functional of the equilibrium density p().
Variational principle : 2v[] = Ft]-Sdulr]ptr).

& some density profile .

=0
jg

=> M
= Vext()+ Constancy of chemical potential) -

Hierarchies of correlation functions-
Recall that If can be viewed as S[n] and we have seen in P. 3 . 1

pl) =- G(v)=-
and for n22 : 6 ( , , . . ., ) =(E) ... Gen))

=-Density - diy in
correlation

G(2)(i) = G(r,r) . functiorarchy)
&[m] is agenerating functional for density-density correlation
functions.
We can obtain a second hierarchy of correlation functions from
Flp] : Define : Fex[p] = Ftp]-Fid[p].



u
We define direct correlation functions as :

"It ,= =(i)

a (i
, ,

. . ..,)=exn
From : M=Eext
=u= +Vex

ma
=

-B(i)[p()13] .
=> c(r) =h[p()] - Buli) . =) p(i)1" = exp[Bu(m) +c'(r)]

.

We see that -kpTc'"(i) acts as an effective one-body potential
that determines p()

Onemore functional differentiation :
(2)(ii)= (i) . (x)

with inverse defined as :

far" 6 (r, il) 6"It" , il) = (i) . (i)

Compare with: matrix . Air Anj = dij).
From (x)i

6(i)(2)(, ): G(r" ,Sir") 6"It", ill
and integrate over I'll.



⑪

Sar"G()'(") = Grivs- SG (i
,+) = p()(, ) -p(i)g() + q(i)f( - )) . g'"Epi)pIi) E

[h(r
,
i)+1]

= p()pl)hi)+-eff) +p())) .

)h :Jarp) h(r ,")e( , i) .

+ San p(-)c4ir",i

=c() +She"hi") plan)(4)(, ) .

InhomogeneousOZ equation ? For Next fil to reduces

to bulk 07. egn .

We conclude that the Oz equation is a natural consequence

of having to generating functionals &[n] and FIP)
that are linked via Legendre transform : FIp] = &[u) +Sini)pli)
Condition (i) is equivalent to :

Saituhy" -O .

Determination of Fex[P]
formal

Formally , we can
obtainexpressions for Fextp] that forms a

basis for approximations.
( . ) Integrationwrt particle density.
C) Integration art interation potential .


